By introducing loss to one sublattice of a dimer chain described by the extended Aubry-André or Harper (AAH) model, we study the topological features including the edge states, spectrum and winding number of the chain. We find that the parameter region for the system to have real band-gap-closing is increased due to the loss, and the average displacement of the single excitation can still witness the topological features of the chain in the presence of loss. The robustness of the zero energy eigenstate against four kinds of disorders is also examined. A feasible experiment setup based on coupled waveguides to observe the prediction of this paper is proposed.
I. INTRODUCTION
In 1980, Aubry and André showed the existence of localization phase transition through a 1D tight binding quasiperiodic system [1] described by the one dimensional (1D) lattice model (called Aubry and André model now). The model can be mapped into the 2D rectangular lattice for integer quantum Hall effect [2, 3] by using Landau gauge for the magnetic field, where the periodic character is determined by the flux quanta penetrating each rectangle lattice. Then the terminology 'AAH model' is used widely to abbreviate the Aubry-André and Harper models. The period for the 1D lattice is usually a trigonometrical function of length and it can be turned flexibly in principle. But to investigate intriguing properties, the extreme huge magnetic density is a bottleneck currently in experiments for solid systems [3] [4] [5] .
With the development of topological materials, the AAH model has been explored in the view of topological aspects [6] [7] [8] [9] [10] , which can bridge the quantum Hall effect (QHE) [11] [12] [13] [14] and the topological insulator [15] . For example the 1D AAH model has the topologically protected edge states corresponding to the gapless edge states in QHE. Recent experiments [7, 16] have realized the quasiperiodic AAH model in optical lattices and the signature of a localization transition [16] was observed in agreement with the theory [1] .
The array of waveguides is a valid platform to explore topological insulators due to the developed manufacturing and designing technique [7, 18] . However, the loss represented by non-Hermitian terms in the system is usually inevitable in practice [17, 18] . It is then reasonable to consider the influence of loss to the topological properties. Considering that the AAH model may be implemented in such optical systems, we employ in this work a dimer(two sites in each cell) AAH model with loss on * E-mail: yixx@nenu.edu.cn one of the sites in each cell, to explore the topological properties in terms of the hopping and on-site modulation phases.
Disorders exist widely in practical systems. In the original work by Aubry and André [1] , the incommensurate potentials mimic the disorders leading to localization transition. Although extensive theoretical works for the effects of disorders in the AAH model have been done [19] [20] [21] [22] [23] , the study of robustness of topological states against these disorders is lacking. It is well known that the degenerate zero energy edge states are the edge states. Then we will explore the robustness of zero energy edge states against the disorders on the chain. Four kinds of disorders are considered: intra-cell hopping disorders, inter-cell hopping disorders, on-site disorders and nonHermitian disorders. We find that the zero energy edge states are robust against the disorders in an interval of strength except for the on-site disorders since on-site disorders destroy the chiral symmetry. We also find that the non-Hermitian disorders 'draw' the real energy band towards zero energy.
We will explore the aforementioned issues by considerations that both the hopping amplitude and on-site potentials are modulated in the real space commensurate with the lattice in the extended AAH model [8, 24] . The setups for the realization of this model is feasible in coupled waveguides with modulated lattice spacings and lattice widths, details of which are presented latter on.
This work is organized as follows. In section II, we introduce a dimer chain described by the extended AAH model. In terms of hopping modulation phase, we study the influence of loss on one sublattice to the topological features based on the mean displacement of the single excitation on the chain. In section III, we examine the topological properties of the system in terms of on-site modulation phase. In section IV, we study the robustness of the zero energy edge mode against four kinds of disorders. In section V, we propose an experimental setup to observe the prediction based on coupled single mode waveguides. Finally, we conclude in section VI. 
II. TOPOLOGICAL PROPERTIES IN TERMS OF HOPPING MODULATION PHASE
Consider an extended 1D AAH model with modulated nearest-neighbor hopping interactions in real space described by the following tight-binding Hamiltonian
This 1D chain consists of N sites (n = 1, 2, . . ., N ). Here c † n and c n are the polarized fermionic creation and annihilation operators on site n. When we only consider a single excitation on the chain, the operators c † n and c n might describe bosons. The terms in the first line in (1) represent the kinetic energy or the nearest-neighbor hoppings. w is the strength which is taken as the energy unit throughout this work and the dimensionless λ indicates the modulation amplitude. The last terms describe the modulated on-site potentials where v is the strength. θ and θ v are the modulation phases.
When b is an irrational number, the diagonal AAH model (λ = 0, v = 0) possesses a localization transition as v crosses a critical value [1, 25, 26] . In one-dimensional quasicrystals system, the topologically protected boundary states equivalent to the edge states in quantum Hall system appears when b takes irrational values [7] .
We will focus on the case that b is a rational number when the hopping and on-site potential modulations have the periodicity of 1/b determined by the magnetic field penetrating the 2D counterpart of the 1D chain [2, 3] .
When λ = 0 (v = 0), the Hamiltonian describes the diagonal AAH model which can be derived from the 2D Hofstadter model [8, 24] .
In this paper, we will set the modulation phases of on-site potential fulfilling the condition θ = θ v + π. In the experiment, the setups can be designed to make θ and θ v tunable independently such as in coupled optical waveguides systems since the phases is determined by modulating the spacing between the waveguides and the widths [7, 8] . Thus it is reasonable to assume θ v = θ + φ where φ is independent of θ. We will focus on the topological properties of this model in terms of the two modulation phases θ and φ in the following.
To simplify the problem, we consider b = 1/2 case when the odd and even sites feel different commensurate hopping and on-site potentials. Then we denote the annihilation operators for the odd sites (A-sites) asâ and b for even sites (B-sites) and treat an odd-even combination of the sites on the original chain as one cell, namely, the chain of dimer. In order to investigate the influence of loss to the topological properties of this system, we introduce non-Hermitian terms to B-sites with strength i2Γ, see Fig.1 . The Hamiltonian reads,
In this dimer Hamiltonian, the hopping terms in H odd are intra-cell hoppings and those in H even are the inter-cell hoppings.
The emergence of the edge states with isolated eigenenergies in the energy gap for a system with open boundary condition is a signature of nontrivial topological properties corresponding to the nonvanishing topological number in momentum space. Considering the map from the one-dimensional version of AAH model to the twodimensional counterpart, we confirm that the modulation phase θ is treated as a momentum component hereafter. Thus the 'momentum space' is not puzzled. Next, we consider the topological properties in terms of φ. And this phase is also treated as a momentum component after Fourier transformation. By transforming the real space Hamiltonian to the one in momentum space under the periodic boundary assumption, we can examine the topological phases by topological invariant.
In the basis of [a † k
T , the Hamiltonian in the mo- mentum space can be written as,
where we have added −iΓ to h z to describe the loss. The dispersion relation by
where
where η fulfill tan(2η) = (h x − ih y )/h z . Since the gauge does not influence the topological properties, we have neglected the phase related to gauge.
Based on the mentioned above, the topological property can be expressed by the wind number which can be defined in different ways such as the ratio of the two components of one of the eigenstates in the momentum representation [17] . Additionally, the product of the two components:
can also be used as a wind number in the complex plane of (h x ,h y ) whereh x andh y are h x and h y divided by 2Re(E) + 2iΓ, where E is the eigenenergy and Re(•) returns the real part of •. Whether the trajectory of ξ wraps the origin is an signature of topological property for the system and independent of which eigenstate being used. We show the trajectory of ξ in Fig. 2 for three intervals of θ. To plot these figures, φ ∈ [0, 2π] have been randomly examined. It can be seen that although the trajectories of ξ are different for the Hermitian and non-Hermitian cases, the topological regions are same in terms of θ. Considering the bulk-boundary correspondence, the nontrivial topological phase corresponds to the emergence of edge localized states in real space with open boundary condition. To check the topological properties in terms of the hopping modulation phase θ, we exhibit the energy spectrum of the chain as a function of θ for φ=[−π/2, 0, π/2] in Fig. 3 . It can be seen that in both cases the wind number coincide with the emergence of edge states, see Fig.3 and Fig.4 . Namely, when θ ∈ (−π/2, π/2) for φ ∈ (0, 2π), the trajectories of ξ wind around the origin, the edge states appear with the ener- gies localized in the energy gap. However in the presence of non-Hermitian loss, from the real energy spectrum, we can see that the region for the emergence of edge states shrinks. This may result from that the non-Hermitian loss 'draws' the real energy spectrum towards zero which is reflected by the deformation of the spectrum compared to those in Hermitian case in Fig.3 . The topological region has not changed obviously according to the performance of ξ. And when θ ∈ (π/2, 3π/2), the origin locates outside the trajectory of ξ, thus edge states do not appear.
Next, we examine about the energy band and topological edge states in more details. It is easy to find that the edge states appear and their energies intersect the gap at θ c =π/2 − φ (φ ∈ [0, π]) and θ c =3π/2 − φ (φ ∈ [π, 2π]) which results to h z = 0. The degenerate point results from the particle-hole symmetry of the system, S:
n c n and c n → (−1) n c † n [27] . When this symmetry is broken, namely, h z = 0 here, the degenerate zero energy edge state vanishes. The population of the edge states are generally localized at the ends of the chain. By checking the distribution of the wavefunctions for the edge states, we find that for the same θ or the identical energy E, the two edge states locate at opposite ends of the chain. And for a certain θ, the two edge states locate on A and B-sites respectively. Since ∂ θ E is the group velocity of the excitation if θ is regarded as one momentum component in the 2D counterpart, one can see that the excitations with opposite directions of velocity locate at the opposite edges. The emergence of these boundary localized states manifests that this AAH model belongs to a nontrivial topological phase.
Compared to the Hermitian case, some intriguing properties may appear in the non-Hermitian case. Compared to the no-loss case in Fig. 3 , we first calculate the energy spectrum of the chain as a function of θ with open boundary condition. The results are illustrated in Fig.4 . It can be seen that not only the shape of the energy band changes but also the phase of the wavefunction reversed for the same θ. However, the symmetry of the wavefunctions remain unchanged with respect to those in the Hermitian case. The edge states still appear in the energy gap in the interval θ ∈ [−π/2, π/2]. The imaginary part of the eigenenergy is negative indicating decay of the excitation except for slowly decay of the 'dark states'. Here the 'dark states' are the long-lived states that only populate on the non-loss sites which result from the interference of the wavefunction on the chain. The other witness of topology and the 'dark states' will be studied in the next section. 
A. Average displacement as a topological index
In the non-Hermitian case, the mean displacement of the single excitation initially localized on a non-decay site can serve as a tool to witness the topological features of the system [17] . It was defined as ∆m = 2γ
where β m is the amplitude of the wavefunction on site B in unit cell m at time t and m 0 denotes the position for the initial single excitation. For multi-excitation case, further work for ∆m may be investigated in the future. Transforming it to momentum space by Fourier transformation, the average displacement equals to a wind number of the relative phase between two components of the Bloch wavefunction [17] and provides a feasible methodology to unraveling the topological properties of the system rather than probing the edge states [28] [29] [30] .
It can be seen that ∆m depends on the dynamical history of the wavefunction. The dynamics for the wavefunction is governed by the equations:
where α n and β n are the amplitudes for the wavefunction on A and B sites respectively. The loss effect resulting from the minus complex on-site potentials on B-sites can be seen from these dynamical equations. By integrating the dynamical equations, we gain the average displacement numerically. We plot ∆m versus θ in Fig. 5 (a) and (b) . Compared to the energy spectrum in Fig. 3 , we can see that θ = ±π/2 are the transition points for ∆m which coincide with the appearance of edge state versus θ. And the total excitation which is defined as
would be longer at the transition points. Then we exhibit the dynamics of the total excitation τ versus θ in Fig. 5  (a 1 ) and (b 1 ). It can be seen that while θ = ±π/2, the lifetime of the excitation is prolonged obviously. This results from the existence of 'dark state'. To exhibit the 'dark states', the distribution of the wavefunction with periodic boundary condition is checked in Fig.6 . It can be seen that there are long-lived states with excitation locating at the non-loss sites, namely, the 'dark state'. Such states result from the coherence of the wavefunction on the chain when θ = ±π/2. That means with the periodic boundary condition, even there is the loss on B-sites, the dark state can survive in a long time scale. However, the coupling between A and B sites leads to damping of the excitation gradually.
III. TOPOLOGICAL PROPERTIES IN TERMS OF ON-SITE MODULATION PHASE
In this section, we study the effect of loss on the topological properties in terms of phase φ in the on-site modulation. If we assume θ v = θ + φ, the system exhibits intriguing topological properties in terms of φ. By transforming the system to momentum space, the topological properties can be quantified by Chern number defined by
where h = (h x , h y , h z ). From the other point of view, the Chern number can be calculated via the nth energy eigenstate, it reads
here A (n) j (j = k, θ) are the Berry connection given by A n j = −i u (n) |∂ j |u n . These two Chern numbers are identical to describe the topological properties of the system. Later, we will take the Chern number in (10) as the topological index.
In Fig.? ?, we show the Chern number C(C n ) = sign(λ sin(φ)) as a function of φ and λ. With λ = 0.5, we present the topological characters and the energy spectra versus φ in Fig . 8 . It can be seen that φ = π is the critical point for topological phase transition where the energy gap reopens after closing in the Brillouin zone φ ∈ [0, 2π]. The origin is wrapped by the torus of h x − h y − h z in the Brillouin κ, θ ∈ [0, 2π] when φ = π where n = 0, 1. When φ = π, the torus of h x − h y − h z degenerate to a closed ribbon across the origin. The insets of (a 1 ), (a 2 ) and (a 3 ) in Fig.8 showh i , i = x, y, z normalized by |h|. When the Chern number is nonvanishing, the sphere ofh wraps the origin. And correspondingly, the edge states appear in open boundary condition in real space. We exhibit the edge spectrum as a function of φ in the Supplement material by a movie. We can see in the movie that the edge state appears except φ=0 or π in the Brillouin zone with Γ=0. Considering the energy band in momentum space, it can be seen that when φ = π, two Dirac points appear. Since the linear dispersion relation near the cones, the excitations with positive and negative energies act like massless particles.
Next, we examine the influence of the non-Hermitian loss to the Chern number C, the results are shown in Fig.4 . It can be seen that with the increasing of the loss strength Γ, the nontrivial topological region is shrunk. Correspondingly, the touching points in the real energy spectrum become lines in the momentum space. In Fig.10 , we exhibit the influence of the loss to the real energy spectrum. The length of the line of Re(E) = 0 corresponds to the shrink of the region for the emergence of edge states with the open energy gap.
We show the shrink of the region for the emergence of edge states by four different Γs in the movie in the Supplement material. We can see that with increasing of Γ, the interval of φ for the band closing points increase. But the edge states do not disappear. Then we conclude that the non-Hermitian loss 'draws' the energy spectrum towards zero but dissolve the edge states. The nonvanishing Chern number shown in Fig. 9 corresponds to the existence of edge state when the energy gap open.
In the non-Hermitian case, the degenerate points (often called exceptional points) have interesting properties [31] . These points are different from the degenerate points in Hermitian case since the eigenstates at these points usually coalesce into one self-orthogonal state. In the non-Hermitian case, the dispersion relation is E = ±(R + iI) where R = 
We consider the case of θ v = π/2, the energy spectrum E = ± √ G. The exceptional points in this case fulfill the condition: 4 cos
We plot the energy spectrum and the exceptional points in Fig.11 . We find that the exceptional points constitute two loops in the parameter space of k − θ. There are intriguing properties of the exceptional points, e.g., (k, θ) = (π, π) is one exceptional point with the self-orthogonal eigenvector e iµ [i 1] T corresponding to the eigenenergy 0 where µ is an gauge factor. 
IV. ROBUSTNESS OF THE ZERO ENERGY EDGE STATE
The existence of the edge states is a nontrivial topological signature in this model. Among the edge states, the zero energy degenerate states are very interesting. In the following by numerical simulations we study the robustness of the zero energy edge state against four kinds of disorders. The results are shown in Fig.12 . From the numerical simulations, we can see that although the details of the robustness of the zero mode against the disorders are different, the states are robust against these disorders but δv. The zero energy edge state is fragile under the effect of disorders in δv due to the broken particle-hole symmetry as discussed in section II. Regardless of the non-zero eigenenergy, the degenerate states are localized in the band gap. With the increasing of δΓ, the eigenenergies tend to zero. In the previous discussions of this work, we found that with the increasing of the loss, the region for the closing of the bulk band increases. Thus it maybe conclude that the loss can drive the real energy band towards zero. So the E = 0 degenerate eigenvalue is robust against disorders as long as the particle-hole symmetry is preserved. The disorders of on-site potentials immediately destroy this symmetry which lead the zero energy edge state split into non-zero states.
V. EXPERIMENTAL SETUP
A setup to observe the predicted topological properties can be realized in coupled single mode optical waveguides [7, 16, 18, 32] . Each waveguide represents a site and the time evolution is equivalent to the light excitation propagating in the waveguides. The lattice can be fabricated in silica glass by femtosecond direct laser writing technique [33] or by high resolution large field Figure 12 .
In (a), (b), (c) and (d): δwAB and δwBA are the disorders for the intra-cell and inter-cell hoppings, respectively, and δv and δΓ are those for the on-site potentials and loss. In each numerical simulation, we assume that the disorders are randomly distributed on the chain with strengths uniformly distribute in [0, δx] (δΓ locate on B-sites only), here δx are δwAB, δwBA, δv and δΓ. Here we have set θ=0 and φ = π/2 when the zero energy edge state exists. The (non-Hermitian) loss is added to the Hermitian Hamiltonian on B-sites. Each line is an average over 100 simulations.
e-beam lithography technique on AlGaAs substrate [16] . The hopping modulation can be tuned by varying the spacing between the waveguides which provides a way to determine λ and θ. The on-site potentials can be modulated by changing the widths of the waveguides which determine v and φ. The loss is introduced by bending the even-waveguides wiggly perpendicular to the plane of the silica glass [18] in the trigonometrical manner along the propagating direction of the light or by varying the etch depth of the waveguides on AlGaAs substrate. Since the intrinsic loss of the waveguide is identical for all sites, it can be factored out. And the fluorescence microscopy technique can be employed to observe the light intensity propagating along the waveguides to check the topological properties. Fig .1 shows a sketch for such a setup.
VI. CONCLUSION
In this work, we have studied the influence of loss to the topological properties of an extended AAH model in terms of hopping and on-site modulation phases. We found that the parameter region for the emergence of the edge localized states with open band gap is shrunk in the presence of loss. We also examine the average displacement of the single excitation and find that it can witness the topological properties of the system. Long-lived 'dark states' for the chain are shown in the periodic boundary condition. In terms of on-site modulation phase, we found that compared to the Hermitian case, the region for the nontrivial topological phase is also shrunk in the presence of loss. And the zero-energy edge states are robust against intra-cell, inter-cell and non-Hermitian loss disorders but fragile against those in the on-site potentials since the particle-hole symmetry is broken in the last case. The energy spectrum tends towards zero when the loss disorders increase. Finally, we propose an experimental setup based on coupled waveguides to implement this model.
